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Abstract 

In this paper we evaluate the expression for the Green function of a pseudo-classical 
spinning particle interacting with constant electromagnetic external fields by taking 
into account the anomalous magnetic and electric moments of the particle. The spin 
degrees of freedom are described in terms of Grassmann variables and the evolution 
operator is obtained through the Fock-Schwinger proper time method. 
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1 Introduction. 



In previous papers we have presented the main features of the interaction of a pseudo-classical 
spinning particle [THTO] with external electromagnetic fields, also discussing the cases of 
particles with an anomalous magnetic moment, [TTHIS]. The treatment was done according 
to the pseudo-classical Hamiltonian mechanics and the cases where the solution can be given 
in closed form were especially studied. The purpose of this paper is to consider the problem 
from the point of view of the Schwinger proper time description [T7], an approach that implies 
looking for the evolution operator and the corresponding propagator of the system. These are 
indeed very important quantities, since they represent the most fundamental object of the 
theory [T7] and by them we can calculate the corresponding effective action, whose imaginary 
part gives the pair production rate for particles. In the case of a particle with anomalous 
magnetic moment, as expected in analogy to what we have found in our previous papers. 
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we shall again encounter some obstructions that allow for a closed form of the evolution 
operator only in a limited number of configurations of the external electromagnetic field. 

The starting point of our treatment is again the constrained pseudo-classical mechanics, 
giving a Hamiltonian system with first and second class constraints. Once the second class 
constraints have been accounted for, the quantization procedure associates an equal number 
of Lagrange multipliers to each first class constraint thus obtaining a set of Schrodinger type 
equations: one of the multipliers can be taken to be the proper time. The physical states 
are then obtained by means of a projection realized by integrating over all the multipliers 
and the consistency of the whole picture is ensured by the first class constraints [18]. 

Some similarities can be found with what was proposed in [T9] - [2T] . together with many 
relevant differences. For instance, as opposed to our approach, no ^5 skew variable is intro- 
duced in [IS] and the two dynamical variables and p-^ are conserved quantities fixed at 
their respective eigenvalues im? and m. The conserved quantities are the generators of su- 
persymmetry transformations acting on a superspace involving an Grassmann variable 9 in 
addition to the usual space-time coordinates. The matrix element of the evolution operator 
is Sf{x, t, 6) = {x\ exp{—iTp'^ — (p-^) and the physical propagator is assumed, following 
Feynman [22], to be expressed by the integral / dr exp(— zrm^) / d9exp{—m9)Sp{x,T,9). 
The strategy we use here is different: we first solve the set of differential equations in involu- 
tion associated with the first class constraints [18] and then we project on the physical states 
by integrating on the Lagrangian multipliers. We work as long as possible independently 
of the use of a particular representation of the Clifford algebra, since this facilitates the 
Hermiticity considerations concerning the Hamiltonian operator and the writing of a general 
form for the physical kernel. Eventually we will consider two possible representations of 
the Clifford algebra, called the Dirac and the Pauli-Gursey representations, each of which 
turns out to be more suited to point out different properties of the system. For the sake of 
self-consistency it is probably useful to summarize of our notations, the general framework 
and the above mentioned representations of the Clifford algebra. This will be presented in 
the next section. We then treat the proper time formulation of our problem and we calculate 
the evolution operator and the propagator. 



2 The general setting. 

In order to be self-consistent we briefly recall the main ideas of our constrained and graded 
framework, specifying notations and conventions we will use. The extended Hamiltonian for 
a system with m first class constraints {xr}r=i,m is given by 

m 

He = Hc + J2 ^rXr 

r=l 

where He is the canonical Hamiltonian that will always be vanishing in all the cases we 
consider. The corresponding equation for the evolution in the proper time is 

t^\i;,r) = He\^P,t) (2.1) 
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Since the constraints Xr are independent of r, defining f3 = {(3r = ar'r}r=i,m, equation (12. ip 
is immediately integrated to 

m 
r=l 

SO that we also have 

d 

i-^\i;,T,f3) = H,\i;,T,(3) (2.2) 

Since we are treating a constrained system for which if^ = 0, we will replace the proper time 
T by an even Lagrange multiplier, say (3i. The constraints and the corresponding Lagrange 
multipliers can have (pairwise equal) even or odd degree, so that, denoting by \ri\ the degree 
of the variable rj, in agreement with the general properties of the graded algebras we write 
the commutation rules 

/3.Xs = (-)l^^ll^=lxA 

Being first class, the constraints Xr are in involution and the system (12. 2p is integrable. This 
is summarized in the relation 

where the graded commutator on the r.h.s. of (12. 3 p is weakly vanishing at the quantum level. 
As the subspace of the physical states of the Hilbert space is determined by the conditions 
Xr\4')phys = 0, from (12. 2p we easily see that the projection of the subspace of physical states 
is given by 



/phys 



lld(3r\^,(3) 



r=l 



Similar considerations apply to the integral kernel 

Kix,y;/3) = {x,P\y,0) 

of the evolution operator of (12. ip . which, according to the quantization of the odd variables, 
has the structure of a matrix in the space of the Dirac spinors. From it we can determine 
the "physical kernel", namely the kernel giving the evolution of the physical states. In the 
coordinate representation we have 



^phys(a;) = J d yKphysix,y) ^/'physd/) 

where 

Kp^ysix, y)= dpj Yl dPr K{x, y- /3) (2.4) 

J —00 J n 



r=2 
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Let us now introduce the pseudo-classical singular Lagrangian of the systems we want to 
quantize 



2, ,2 



1/2 



(x- - ^{m + '-pPU'n-'^^ie - ^i'FUn)T (2.5) 
^ Am 2m ' J 

where /i = — A(7 = —((7 — 2), g being the gyromagnetic factor, q the particle charge and e 

the electron charge. The Lagrangian (12.51) was already considered in some of our previous 
papers, [ISIIIS], in which we determined the first class constraints 

XD = vr.r - Ks + '^Fp^i'i^i^ (2-6) 

where the conjugate momentum vr*^ is related to the canonical momentum by the usual 

relation tt"" = p"" — qA'' . In writing (12. 6 p the second class constraints y!^ = t^'^ — f'C'^ and 
X5 = + have already been accounted for. The algebra of the canonical variables is 

{a;^ p^} = -r/^^ {e^ T} = {^5, ^5} = (2.7) 

leading to the constraint's algebra 

{Xd,Xi,} = ^X, = = (2.8) 

For the Clifford algebra of the quantized variables (^"^,^5) we introduce the representations 

r = ^2-vv, ^5 = 2-^/^5 

t = 2-'/'j,r , ^5 = 2-^/%5 (2.9) 

respectively referred to as PG (Pauli-Gursey) and D (Dirac) realizations, [15]. Here, for the 
time being, we want to consider the quantized expressions of the constraints independently 
of the choice of a particular representation, but using directly and ^5. For the linear 
constraint we then get 

XD = vr^r - "^^5 + '-^F^^ri'ti^ (2.10) 

We have shown in [15j that the quantization of the quadratic constraint has to be done 
with the Weyl prescription and that this is equivalent to Dirac's generalized correspondence 
principle 

2xI = {Xd,Xd}+ = -X-0, [xd,x]-^0, [x,x]-^0, (2.11) 
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After some straightforward calculations, the explicit expression for the quantized quadratic 
constraint becomes 

2 2 

+ ^^P-^A.e^rf f (2.12) 

and obviously, by making explicit use of the realizations (12. 9 p , we recover the expressions for 
X presented in [16] . A slight simplification occurs for the quadratic constraint in the case of 
constant fields, due to the vanishing of {d / dxo)Fp(j. Moreover for a neutral particle g = 
some more terms cancel in fl2.10p and (12 .12^ and the canonical momentum vr becomes simply 
p. The quantum Hamiltonian becomes 

H = aiX + ia2XD, (2.13) 

where the imaginary unit in the second term of H can be justified at the pseudo-classical 
level in order to have a hermitian Hamiltonian, a2 being real. Finally, to conclude this 
section, a comment on the Hermiticity of the different quantum operators is in order. For 
the operators coming from space-time variables have the obvious properties = xj^ and 
= pj^. The operators coming from the skew variables satisfy 

i'' = -\^ ^'" = +\^ (^ = 1,2,3), eV = +^ 

from which we see that 

e''^ = -e°, r^ = r, (^ = 1,2,3), i,^ = L 

These last relations can be rewritten as 

r ^ = 2 i'ti' , = ^5 = 2 (2. 14) 

indicating the general form of the hermitian conjugate of an odd degree operator that appears 
in the form of a unitary transformation 5*.^ 5*^ with S = ±i^/2^Q. 



3 The evolution operator and the physical kernel. 

Before presenting the results of the proper time approach for the spinning particle with 
anomalous magnetic moment interacting with external fields, we briefly recall the main 
points of the method on the simplest case of the free particle. In this case the Hamiltonian 
is the combination of two constraints 

H = aix + ioi2XD = «i(p^ - fn^) + ia2{p-i - "^^s) 
and it is straightforward to verify that 

= SHS^ (3.1) 
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using the general conjugation rule f l2.14p . Since [x, Xd] = 0, we can write the physical kernel 
(12 .4^ in the form 

Kphys{x,y) = [ d(3i [ d(32{x,T\ exp{(32XD}exp{-i(3ix}\y,0) (3.2) 
By the usual rules of the Grassmann integration, J d9 = 0, J OidOj = 6ij, from (13. 2 p we get 
Kphysix, y) = - d(3i {x, t\ Xd exp{-i(3ix} \y, 0) 

J — oo 

Finally, by specifying the constraints, making a Fourier transform to the momentum basis 
and the integral in Pi we find 

Kp^ys{x,y) = J d'^pj rfV 7^ ^phys(p,p') 7^ (3.3) 



where 



Kp^ysip,p') = S\p - p') {p-i - m6) (3.4) 

We can now take the matrix element -K'phys(p, p')/* = (^/l-^phys(p, p')!"^*) of ^^e physical 
kernel (13. 4p between an initial and a final spinor. In order to do this we have to choose the 
representation of the Clifford algebra of the odd variables, as presented in (12. 9p . This choice, 
in particular, is necessary in order to specify what is meant by the conjugate spinor, whose 
general form is (ipfl = {ipf\S due to the fact that the Hamiltonian is Hermitian with respect 
to S, that implies the norm conservation 

^(V'(r)|^|^(r)) = 

We therefore present the results for both choices and we show that in any case we find the 
correct expression for the Dirac propagator. 

Considering the first of (12. 9p we see that the conjugation operator introduced by (I2.14p 
is given by S* = ±7° so that {ipf \ = (V'/|7° while C,'^ and ,^5 in (13. 4 p have to be substituted by 
z2~^/^7^ and 2~-'^/^75 respectively. We can also get rid of the 75 in the mass term by means 
of a Pauli-Gursey transformation on the physical spinors: 

\iJi) — ^ exp{-i-75}|^i) , (?/^/|7° — > (V^/|7°exp{-2-75}. (3.5) 

After a simple calculation, the transformed physical kernel becomes 

Kphjs{p,p')fi = ^ S\p - p') (V^/|7° ^/J"^ 

where, up to a factor 2^^^^ that can be reabsorbed in the definition of the states, the usual 
Dirac propagator is recognized. 
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Assuming then the second of the representations f l2.9p for the Chfford algebra of the odd 
operators, we now have S = ±^757*^, so that the physical kernel becomes 

K,^ys{p,p')f. = T^6\p-p') {^fb'^l^^\i^^) (3.6) 

y Z p III 

A new Pauli-Gursey transformation 

TT TT 

lipi) — > exp{i- -f5}\ipi) , {i)f\-f^ — y (^/|7°exp{z-75} . (3.7) 

applied to (13. 6 p changes [j-p — m) into {'j-p + m), reproducing again the Dirac propagator, 
that turns out to be independent of the chosen representation once the external states have 
been properly redefined. 

For a comparison with the results presented in [16] and for the completion of our picture, 
we find it useful to give one more representation for the physical kernel. We can write ( 13. 3p 
by reintroducing the parameter /3i as 

Kphys{x,y) = J df3i J j—:^{-f-p + m) exp{-ip-{x -y)} exp{-il3i{p'^ -m'^)} (3.8) 

Some elementary manipulations permit us to find the equivalent expression 

d 

^phys(a;, y) = (n^^ + ^) Kphjs{x, y) (3.9) 

where 

^d/3i J j^-^ exp{-ip-{x-y)} exp{-i(3i{p^ -m^)} (3.10) 

is the physical kernel for the scalar particle, i.e. for the Klein-Gordon operator. Equation 
(13.101) reproduces the analogous relation Sp = {i'^'^{d/dx^) + m)Ai? of [16]. Indeed, since 

d 

(^t''^ - m) i^phys(a;, y) = iS^{x - y) 

the comparison with [16] shows that Kphys{x,y) = SF{x,y). 

Let us now study the quantization for a neutral Dirac-Pauli particle with an anomalous 
magnetic moment in a constant external magnetic field, using the proper time formalism. 
We will be able in this case to derive the result in a closed form: this can be relevant in the 
study of the physical consequences obtained from an effective action that depend upon the 
field strength in a non-perturbative way, as occurs for the pair production rate [T7l[2^ . The 
Hamiltonian operator is always formed by the combination of the two constraints x cind xd, 
that, in this section will be given by (12. 6p with g = and n = p. We write 

H = aix + ia2XD = Hb + Hd 
and, with a bit of patience, we can verify that 
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and therefore that the Hamiltonian keeps satisfying the same rules (13. ip for obtaining the 
adjoint operator. Moreover, when its Fourier representation is considered, the general form 
(13.21) of Kpkjs{x,y) is again given by (13. 3p and the physical kernel in the momentum space 
is written in the shorter form 

Kphys{p,p') = -i6^{p - p') Xd{p) x{py^ (3.11) 

We now come to the use of (12. 9p . As in the null field case, after the Pauli-Gursey 
transformations (13. 5p and (13. 7p have been suitably applied, both the (D) and the (PG) 
representation lead to the same final expression. In order to write the result in the most 
concise form, we recall the wave operator 

Od = YPu - m - ^axuF'-" (3.12) 



we introduced in and we define as 

Od = -75 On 75 = Yp. + ^ + v^^^x^F^" (3-13) 

Taking into account the definition cx'^'^ = | [7^^ , 7^^] of the spin matrices it is easy to verify 
that 

X = -75 Od 75 Od 

22 22 
+^7 i^A.P -^Fa.F (3.14) 

In analogy with (I3.13p . we also introduce 

X = 75X75 

that coincides with x but for the fourth term {iefi/2m) •y^ Fxi.p'^ that now takes a minus 
sign. 

We are now able to write the integral representation, analogous of (13. 8p . for the neutral 
particle in the external field. In the notations previously introduced we have 

dPi J exp{-ip- (x-y)} Od exp{-i/3i x} 

^^-p exp{-ip-(x-y)} 75CdX"S5 (3.15) 

Recalling that the Klein-Gordon Green function AF{x,y) satisfies xAF{x,y) = 6^{x — y), 
we can write x^^ = Ap. From (I3.15p . then, we find 

d ~ 

75 Sf{x, y) 75 = -Od(^^) Air(x, y) or Sf{x, y) = Od 15^f{x, y)'^^ (3.16) 

thus confirming the relation we found in [T5] . 
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We can conclude the paper by observing that the calculation of the one-loop effective 
action for the matter interacting with external strong electromagnetic fields requires the 
knowledge of the exact expression for the fermion propagator This knowledge could, 
in particular, be important when dealing with astrophysical phenomena in the vicinity of 
compact objects, like neutrons stars and black holes. As these environments are mainly 
neutral, the exact propagator for neutral particles with anomalous magnetic and electric 
moments is relevant in order to build effective actions for such systems 
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